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We investigate the transport properties of an anharmonic oscillator, modeled by a single-site
Bose-Hubbard model, coupled to two different thermal baths using the numerically exact ther-
mofield based chain-mapping matrix product states (TCMPS) approach. We compare the effective-
ness of TCMPS to probe the nonequilibrium dynamics of strongly interacting system irrespective
of the system-bath coupling against the global master equation approach in Gorini-Kossakowski-
Sudarshan-Lindblad form. We discuss the effect of on-site interactions, temperature bias as well
as the system-bath couplings on the steady state transport properties. Last we also show evidence
of non-Markovian dynamics by studying the non-monotonicity of the time evolution of the trace
distance between two different initial states.
I. INTRODUCTION
Understanding heat flow in nanoscopic systems con-
nected to thermal baths is interesting both for fundamen-
tal and practical reasons [1–3]. Of particular importance
is the study of transport through extended strongly inter-
acting system, as the presence of interactions can result
in different phases of matter [4, 5], or ways to control
transport [6], even resulting in strong or ideal current
rectifiers [7–9].
Commonly used approaches to study heat transport
in interacting systems are based on the global mas-
ter equation in Gorini-Kossakowski-Sudarshan-Lindblad
form [10–12] (from now on, we will refer to this approach
as GME), or the Redfield master equation [13, 14]. How-
ever, these methods have two main difficulties: They
can only be used for weak couplings between the sys-
tem and the bath (especially the GME approach), and
they typically require a full diagonalization of the Hamil-
tonian, which is computationally extremely difficult for
larger open quantum systems, such as a chain of 14 spins.
More recently, in Ref. [15], some of us introduced a way
to use the Redfield master equation without diagonaliz-
ing the Hamiltonian, and, thus, allowing one to study a
spin chain of 20 spins coupled to a bath. Other available
methods, such as Refs. [16–19] and the Keldysh formal-
ism [20–23] can include non-perturbative effects and can
capture non-Markovian dynamics, but can be limited in
their applicability.
Recently in Ref. [24], the authors introduced a differ-
ent approach based on three steps: (i) a thermal bath is
mapped to two zero-temperature baths via a thermofield
transformation, (ii) the collection of independent modes
which forms a bath is mapped to a chain and (iii) the
system plus the chains forming the bath are studied us-
ing a (MPS) algorithm [25–27], the method of choice to
study the dynamics of one-dimensional strongly interact-
ing quantum systems. We refer to this method, which
has been studied and used in Refs. [15, 24, 28–32], as
thermofield-based chain-mapping matrix product states
(TCMPS). This method can allow the study of the dy-
namics of an interacting system coupled to a thermal
bath exactly for any system-bath coupling strength. The
only limitation of this method is due to the finite size of
the chain used to model the bath, which implies a lim-
ited time for the accurate description of the system dy-
namics. Nonetheless, when the bath is modeled by long
enough chains, it is still possible, as we show later, to
study the steady-state properties of an interacting sys-
tem coupled to a bath. We note that this method has
strong analogies with time-evolving density matrix us-
ing orthogonal polynomials algorithm[33–43]. Although
the long-term goal of this line of research would be the
study of transport through a large interacting quantum
system, here, we do the first steps by studying an an-
harmonic quantum oscillator (weakly and strongly) cou-
pled to two baths at different temperatures. We point
out that in the weak coupling regime, the heat trans-
port through a quantum anharmonic oscillator has been
recently studied in Refs. [44, 45], however, our approach
allows to study the system when strongly coupled to ther-
mal baths. The use of TCMPS can assist in the study of
quantum thermodynamics and heat transfer in electronic
circuits, such as quantum dots, single-electron boxes, and
superconducting qubits [46], which are attractive candi-
dates for the future development of quantum devices on
the nanoscale.
The reminder of this article is arranged as follows: In
Sec. II, we introduce our setup of the anharmonic oscil-
lator coupled to two reservoirs, and briefly review the
concepts necessary to understand the TCMPS method.
In Sec. III, we study the non-equilibrium dynamics of the
system using TCMPS, and compare it to GME. We, then,
study the effect of interactions, temperatures, couplings
between the system, and the bath on the steady-state
transport properties of the system. Last, we discuss the
emergence of non-Markovian dynamics. We draw our
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2conclusions in Sec. IV. Some of the mathematical details
of the derivations of the formulas used, and ulterior nu-
merical evidences, are given in the Appendices.
II. MODEL AND METHODS
A. Setup
Our model consists of a single-site Bose-Hubbard sys-
tem coupled to two thermal baths of harmonic oscillators
at temperatures TL and TR as shown in Fig. 1(a). The
total Hamiltonian can be written as
Hˆ = HˆS +
∑
ν=L,R
HˆνB + HˆνI , (1)
HˆS = U
2
nS (nS − 1) + µnS,
HˆνB =
∫
dω ωbν†ω b
ν
ω, (ν = L,R)
HˆνI =
∫
dω
√
J (ω)
(
a†Sb
ν
ω + aSb
ν†
ω
)
,
where a†S (aS) is the creation (annihilation) operator of
a boson in the anharmonic trap, nS = a
†
SaS counts the
number of the particles in the system, U is an on-site
interaction which makes the system anharmonic, and µ
is a local potential. bν†ω (respectively, b
ν
ω) is the creation
(annihilation) operator of each bath mode where ν is the
index for left (L) and right (R) baths. J (ω) is the spec-
tral density of the baths, where we consider the Ohmic
one J (ω) = γω, and γ is a dimensionless coupling con-
stant. We consider baths which are initially prepared in
a thermal state ρˆν = e
−βνHˆνB/Tr[e−β
νHˆνB ], with βν being
the inverse temperature βν = 1/kBTν where kB is the
Boltzmann constant.
In our calculations, the original bath Hamiltonian HˆB
is discretized into N oscillators as
HˆνBD =
N∑
k=1
ωkb
ν†
k b
ν
k, (2)
where ωk = k∆ω with ∆ω = ωc/N where ωc is the fre-
quency cut-off of the bath such that J (ω) = 0 for ω > ωc.
The interaction Hamiltonian, thus, needs to be rewritten,
and it becomes
HˆνID =
N∑
k=1
√
Jk
(
a†Sb
ν
k + aSb
ν†
k
)
, (3)
with Jk =
∫ ωk+1
ωk
dωJ (ω) ≈ J (ωk)∆ω.
B. Thermofield based Chain-mapping Method
We, now, briefly review the thermofield plus star-
to-chain mapping approach introduced in Ref. [31] for
studying the systems coupled to thermal baths and which
can be implemented using MPSs. For clarity of explana-
tion, in this section, we consider the system to be coupled
to a single thermal bath, and, hence, the bath index ν
is neglected. The two-bath case is a simple extension of
this one. The thermofield approach consists of adding an
auxiliary and decoupled bath to the original bath, and
the new enlarged bath Hamiltonian becomes
HˆB,C = HˆB + HˆC =
N∑
k=1
ωkb
†
kbk −
N∑
k=1
ωkc
†
kck, (4)
where ck(c
†
k) are annihilation (creation) operators for the
auxiliary bath [see Fig. 1(b) for a depiction of the case
with two baths]. We,then, apply the following thermal
Bogoliubov transformation,
TL
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FIG. 1: (a) A single site Bose Hubbard model is coupled to
two baths at different temperatures: left bath temperature is
TL and the right bath temperature is TR; (b) schematics of
thermofield-based transformation: The bath on each side is
discretized and is mapped to two baths at zero temperature
labeled as solid and hollow circles. The system is coupled to
all bath modes on each side. (c) Star-to-chain mapping: The
total system is mapped to one single chain on each side with
next-nearest neighbor tunnelings.
a1,k = e
−iGbkeiG = cosh(θk)bk − sinh(θk)c†k, (5)
a2,k = e
−iGckeiG = cosh(θk)ck − sinh(θk)b†k,
where G = i
∑
k θk(b
†
kc
†
k − ckbk) with cosh (θk) =√
1 + nk, sinh (θk) =
√
nk and nk = 1/(e
βωk − 1) is the
number of excitations in mode k. Thus, the total Hamil-
tonian of the system plus bath after thermofield trans-
3formation becomes
HˆTF = HˆS + HˆTFB,C + HˆTFID (6)
= HˆS +
N∑
k=1
ωk(a
†
1,ka1,k − a†2,ka2,k)
+
N∑
k=1
g1,k
(
a†Sa1,k + aSa
†
1,k
)
+
N∑
k=1
g2,k
(
aSa2,k + a
†
Sa
†
2,k
)
,
where g1,k and g2,k are new coupling coefficients and
g1,k =
√Jk cosh (θk), g2,k =
√Jk sinh (θk). At this
point, the system is coupled with all the baths modes
(also known as a star configuration). Whereas MPSs
are the method of choice to study the physics of one-
dimensional strongly interacting systems, the star con-
figuration is typically not ideal for matrix product state
calculations as it requires long-range couplings [47]. To
circumvent this problem, the star geometry in Eq. (6) can
be transformed into short-range ones (‘chain’ geometry)
which is suitable for MPS time evolution by performing
a star-to-chain mapping [24, 31, 33–43]. This can be im-
plemented, for instance, by a Lanczos tridiagonalization
which gives new orthogonal basis to represent the baths
(real and auxiliary) [31, 48] with modes dζ,j (d
†
ζ,j) which
are coupled along a chain and of which only one is cou-
pled to the system. As a result, the initial thermal bath
in Eq. (2) becomes two decoupled tight-binding chains
with nearest-neighbor tunneling coefficients βζ,j , and the
on-site potential as αζ,j where ζ = 1, 2 and j is a discrete
index for the site numbers [see a single side bath chain in
Fig. 1(c)]. More specifically, the total Hamiltonian, then,
becomes
HˆTCMPS = HˆS +
∑
ζ
Nchain∑
j=1
αζ,jd
†
ζ,jdζ,j (7)
+
Nchain−1∑
j=1
βζ,j
(
d†ζ,jdζ,j+1 + dζ,jd
†
ζ,j+1
)
+
[
β1,0
(
a†Sd1,1 + aSd
†
1,1
)
+ β2,0
(
a†Sd
†
2,1 + aSd2,1
)]
.
where Nchain is the length of the bath in the ‘chain’ ge-
ometry. For our two-bath setup in Eq. (1), the baths
on both sides undergo the same thermofield-based trans-
formation and star-to-chain mapping. This conclusively
results in two bath chains aligned on both sides in one
dimension where each mode in each bath chain is coupled
to its next-to-nearest neighbor [see Fig. 1].
The final form of the total Hamiltonian then becomes
HˆTCMPStot = HˆS + HˆLBD + HˆRBD + HˆLID + HˆRID (8)
=
U
2
nS (nS − 1) + µnS +
∑
ζ,ν
Nchain∑
j=1
ανζ,jd
ν†
ζ,jd
ν
ζ,j
+
Nchain−1∑
j=1
βνζ,j
(
dν†ζ,jd
ν
ζ,j+1 + d
ν
ζ,jd
ν†
ζ,j+1
)
+
∑
ν
[
βν1,0
(
a†Sd
ν
1,1 + aSd
ν†
1,1
)
+ βν2,0
(
a†Sd
ν†
2,1 + aSd
ν
2,1
)]
.
We point out, here, that one could have simply imple-
mented the star-to-chain mapping on Eq. (2) and (3)
and could already have studied the problem with matrix
product states. However, in this case, the modes would
have a non-zero occupation, and one would potentially
have to keep a large number of possible occupations of
the new modes. Instead, an important advantage of us-
ing the thermofield transformation is that the resulting
new modes dζ,j are at zero temperature, and, hence, they
are empty.
We also stress that the thermofield plus star-to-chain
mapping is an exact representation of the system plus
(discretized) baths for any coupling strength. However,
given the finite number of modes considered for the baths,
this representation is valid only for a finite time which
increases with the length of the chain. As we will show
later, we will consider long-enough chains so as to reach
a steady state.
C. Initial condition
In the following calculations, unless specified other-
wise, we consider the initial condition
|ψ(0)〉 = |0〉S ⊗ |0〉L1 ⊗ |0〉L2 ⊗ |0〉R1 ⊗ |0〉R2 (9)
i.e. a tensor product of the vacuum for the operators aS ,
dL1,j , d
L
2,j , d
R
1,j and d
R
2,j , which corresponds to simulate
the initial condition ρˆ(0) = |0〉〈0| ⊗ ρˆL ⊗ ρˆR.
D. MPSs
Here, we summarize the main concepts of the MPS
numerical approach. MPS is fundamentally a varia-
tional ansatz in which a vector |ψ〉 (which effectively
can represent a wave-function or a density matrix) is
described by a product of matrices or, more gener-
ally, tensors. The vector |ψ〉 which, here, represents a
wave-function over M sites, can be written in a basis
|ψ〉 = ∑a1,...aM ca1,...aM |a1, . . . aM 〉 where the local in-
dex aj can take a certain number of values which we call
the local Hilbert space d. The MPS variational ansatz
4can, thus, be written as
|ψ〉 =
∑
a1,...aM
⊗Mj=1W ajαj−1,αj |a1, . . . aM 〉, (10)
where W
aj
αj−1,αj is a rank-3 tensor with the aj labeling the
local quantum state at site j from the possible state of the
local physical Hilbert space, and the αj ’s are auxiliary
indices which we take to be D at most, the so called
bond dimension. In Eq. (10), the tensor contraction over
repeated indices αj is implied, and, naturally α0 = αM =
1.
III. RESULTS
In this section, we study the steady-state properties
of the anharmonic oscillator in Eq. (1) using TCMPS.
We perform the unitary time evolution of the system
and baths using the Hamiltonian in Eq. (8) with MPS
by implementing a non-number conserving second-order
Suzuki-Trotter algorithm with swap gates [49, 50]. The
evolution time step is chosen to be 0.04~/µ, and con-
vergences of the simulations are confirmed by checking
the truncation errors after repeating the runs for differ-
ent values of the maximum bond dimension, the local
Hilbert space dimension, and the length of bath chains.
We find that keeping a maximum number of levels for
the modes dνζ,j equal to five, a maximum bond dimen-
sion of 300 auxiliary levels, and a maximum chain length
L = 50, allows us to produce precise simulations, with
errors on the observables of, at most, 10−5. Throughout
this paper, we have worked in units such that ~ = µ = 1.
A. Occupation versus time
We first consider the average occupation of the anhar-
monic oscillator 〈nS〉 versus time for different bath tem-
peratures, interaction strengths, and system-bath cou-
pling magnitudes. The results from TCMPS calculations
are depicted by continuous lines in Fig. 2. For all the
parameters considered the average occupation reaches a
steady value, indicating that we have considered long
enough chains to represent the baths. In Fig. 2(a), we
plot 〈nS〉 versus time for different temperature ratios be-
tween the hot bath on the left (TL = 1/βL) and the
cold bath on the right (TR = 1/βR), whereas keeping
TR = 0.125 (darker lines correspond to larger ratios).
What we observe is that, for larger TL, the occupation
increases. We note, here, that the evolution time is suf-
ficient to reach the steady state even starting from quite
different initial conditions as shown in Appendix. A. A
similar physical insight is gained from Fig. 2(b), in which
the ratio TL/TR = 2 is kept constant, but TL is varied
from 0.125 to 0.5.
In Fig. 2(c), we investigate the effect of the interac-
tion U on the system occupation for high temperature
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FIG. 2: Time evolution of system’s occupation 〈nS〉 for (a)
different ratios of temperature biases TL/TR = 2, 2.5 and 4.0,
where TR = 0.125. Lighter to darker colors represent the
ratios TL/TR from low to high. (b) Time evolution for low,
intermediate and high temperature regimes with the same
temperature bias TL/TR = 2: TL = 0.125, TR = 0.0625, TL =
0.25, TR = 0.125 and TL = 0.5, TR = 0.25. Lighter to darker
colors represent the temperatures of both baths from low to
high. Other parameters for (a) and (b) are U = 1.5 and γ =
0.1225. (c) Time evolution for low to high system interactions:
U = 0, U = 0.25, and U = 2.25 with the coupling γ =
0.105625, TL = 0.5 and TR = 0.25. Lighter to darker colors
represent U from low to high. (d) Time evolution for different
system-bath coupling constants γ = 0.09, 0.1225, 0.16 for an
interaction U = 1.5, TL = 0.5 and TR = 0.25. Lighter to
darker colors represent the system-bath coupling constants
from low to high. Dotted lines correspond to results obtained
using the global master equation, see Appendix B.
bias. The initial dynamics of the occupation is inde-
pendent of the system interaction. However, the steady-
state value of the occupations is lower in the presence of
stronger interactions as the occupations of higher levels
are suppressed. Indeed, for strong interactions, the sys-
tem and the temperatures considered, the anharmonic
trap could be well approximated by a two-level system.
In Fig. 2(d), we study the dependence on the system-
bath coupling. Our calculations show that a longer time
is required to reach the steady state for weaker couplings.
From a computational point of view, we point out that
we cannot use too large couplings because they require a
larger number of local levels, auxiliary levels in the MPS
code, and longer chains. Hence, we restrict our analy-
sis to couplings between 0.04 and 0.16. It is clear from
the figure that different coupling strengths lead to differ-
ent steady-state occupations and, hence, different steady
states. This is because the system and the bath are more
strongly coupled and correlated.
In all panels of Fig. 2, we use green dashed lines to in-
dicate results from a global master equation (GME) de-
scription of the system dynamics in Gorini-Kossakowski-
Sudarshan-Lindblad form [10–12]. Such a description
5is most accurate for very weak couplings between the
system and the bath, and at higher temperatures (see
Appendix. B for the relevant equations), which is, in-
deed, what we observe in Fig. 2 when comparing the re-
sults from the GME to those from the exact description
via TCMPS. In particular, we note that even when the
steady-state value of 〈nS〉 from GME is similar to that
from TCMPS, the time evolution can be significantly dif-
ferent as, for instance, the GME has no oscillations. An-
other important point is that, whereas the steady-state
value is expected to be different when the coupling is not
very weak, the GME predicts a steady-state value which
is independent of γ, see Fig. 2(d). For the same reason,
in Fig. 2(c), we observe that the GME and the TCMPS
descriptions agree better at larger interaction U because
the coupling between the system and the bath is effec-
tively weaker.
B. Steady-state particle and energy currents
We now shift our focus towards the steady-state prop-
erties of the system. It follows from the continuity equa-
tion
∂〈nS〉
∂t
=
〈
i
[
Hˆ, nS
]〉
= − (JRp − JLp ) , (11)
that the particle current JLp (J
R
p ) from the left (right)
bath are given by
JLp = 2β
L
1,0 Im
(
〈a†SdL1,1〉
)
+ 2βL2,0 Im
(
〈dL†2,1a†S〉
)
, (12)
JRp = 2β
R
1,0 Im
(
〈aSdR†1,1〉
)
+ 2βR2,0 Im
(〈aSdR2,1〉) , (13)
where Im (·) stands the for imaginary part.
Similarly, we can define the energy current as the rate
of change of energy of the system,
∂
〈
HˆS
〉
∂t
=
〈
i
[
Hˆ, HˆS
]〉
= − (JRe − JLe ) , (14)
and the energy current from the left, JLe , and the right,
JRe , baths are given by
JLe = 2Uβ
L
1,0Im
(
〈dL1,1a†SnS〉
)
+ 2UβL2,0Im
(
〈dL†2,1a†SnS〉
)
+ 2µ
[
βL1,0Im
(
〈dL1,1a†S〉
)
+ βL2,0Im
(
〈dL†2,1a†S〉
)]
. (15)
JRe = 2Uβ
R
1,0Im
(
〈dR†1,1nSaS〉
)
+ 2UβR2,0Im
(〈dR2,1nSaS〉)
+ 2µ
[
βR1,0Im
(
〈dR†1,1aS〉
)
+ βR2,0Im
(〈dR2,1aS〉)] . (16)
In Appendix. C and D, we show the detailed derivations
of the above expressions.
While discussing energy current, it is worth opening
parentheses on the physical meaning of the expressions
used. As shown in Eq. (14), the starting point is the en-
ergy of the system which is given by the system Hamil-
tonian HˆS. It is, however, important to note that such
a starting point only makes sense when the coupling be-
tween the system and the bath is small enough, other-
wise, it would not be clear how to consider the energy of
the system, as the energy due to the interaction with the
baths may not be negligible. For the parameters con-
sidered, the ratio |〈HˆI〉/〈HˆS〉| varies between 5 × 10−3
(e.g., for small γ, high temperatures, and large interac-
tion U) and 1.7×10−2 (for large γ, low temperatures, and
small interaction U). This implies that, for the parame-
ters considered, it is fairly meaningful to use the concept
of energy of the system. Studies which investigate heat
current, and its definition, in the strong system-bath cou-
pling regime can be found in Refs. [51–61].
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FIG. 3: Time evolution of energy current: (a) and (b), and
particle current: (c) and (d). Left panels (a) and (c) are for
low and high temperature regimes with the same temperature
bias TL/TR = 2. Darker-colored curves are for TL = 0.5, and
TR = 0.25, and lighter-colored curves are for TL = 0.125,
and TR = 0.0625. The system-bath coupling strength is γ =
0.1225. Right panels (b) and (d) are for different system-
bath coupling strengths γ. Darker-colored curves are for γ =
0.16, and lighter-colored curves are for γ = 0.09. The bath
temperature is as follows: TL = 0.5, and TR = 0.25. In all
panels, solid lines are for currents from the left bath, and
dot-dashed lines are for currents from the right bath. Other
parameters used are as follows: U = 1.5, and ωc = 2.5.
In Fig. 3, we show the energy 〈Je〉 and particle currents
〈Jp〉 from both left and right baths versus time for dif-
ferent system-bath coupling strengths and bath tempera-
tures. It is observed that the energy and particle currents
from the left and right baths reach the same steady state
within the time considered, for both low and high tem-
peratures [Figs. 3(a), and 3(c)], as well as for small and
large system-bath coupling strengths [Figs. 3(b), and 3
(d)].
In Fig. 4, we study the average density [Figs. 4(a), and
4 (b)], particle current [Figs. 4(c), and 4 (d)] and energy
current [Figs. 4(e), and 4(f)], for lower [Figs. 4(a), 4(c),
and 4(e)] and higher [Figs. 4(b), 4(d), and 4(f)] temper-
atures. In each panel, different curves represent different
6system-bath couplings. It is only for higher tempera-
tures, for which there is larger occupation of the anhar-
monic oscillator, that a clear effect of the interactions
becomes more apparent. In particular, Fig. 4 shows that
stronger interactions result in lower occupation, particle,
and energy currents.
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FIG. 4: Effect of interaction U on: (a) and, (b) system occu-
pation, (c) and, (d) particle current, and (e) and, (f) energy
current for different magnitudes of the system-bath coupling
constant γ. Left panels (a), (c), and (e) are for low tem-
peratures TL = 0.125, TR = 0.0625 and right panels (b),
(d), and (f) for high temperatures TL = 0.5, TR = 0.25.
Curves from lighter to darker color in all panels correspond
to smaller to larger system-bath coupling strengths with val-
ues of γ = 0.04, 0.09 and 0.16 respectively. Other parameters
used are µ = 1, ωc = 2.5.
In Fig. 5, we study the effect of the system-bath cou-
pling γ on the steady-state energy current for different
values of the interaction U , and in different temperature
regimes. For lower temperatures, Fig. 5(a), we observe
super-linear dependence of the current with γ, whereas at
intermediate and higher temperatures, the dependence is
sublinear. We associate the super-linear dependence at
low temperatures with the relevance, in that tempera-
ture regime[62], of a coherent two-bosons process known
as “cotunneling” [63–65].
C. Signatures of non-Markovianity
Strong system-bath couplings typically lead to non-
Markovian dynamics. Hence, in this section, we analyze
the non-Markovianity of the dynamics by measuring the
trace distance between two quantum states ρˆ1 and ρˆ2 as
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FIG. 5: Steady-state energy current as a function of system-
bath coupling strength γ for: (a) low temperatures (TL =
0.125, TR = 0.0625), (b) intermediate temperatures (TL =
0.25, TR = 0.125), and (c) high temperatures (TL = 0.5, TR =
0.25). The ratio of bath temperature bias is the same
(TL/TR = 2) for all panels. In each panel, solid curves from
lighter to darker green color indicate smaller to larger strength
of interaction: U = 0, 0.75 and 2.25. The red dot-dashed lines
indicate a linear fit for U = 0 and weak system-bath coupling
γ < 0.04. In all panels we used ωc = 2.5.
D(ρˆ1, ρˆ2) =
1
2
tr |ρˆ1 − ρˆ2| , (17)
where |Mˆ | =
√
Mˆ†Mˆ . For all quantum Markov
processes, any two initial states will become less dis-
tinguishable during the time evolution. More pre-
cisely, the trace distance of any pair of initial states
is a monotonically decreasing function of time, i.e.,
D (ρˆ1 (t+ ∆t) , ρˆ2 (t+ ∆t)) ≤ D (ρˆ1 (t) , ρˆ2 (t)) for ∆t >
0. Thus, a process can be defined to be non-Markovian
if there exists a pair of initial states for which the trace
distance D (ρˆ1 (t) , ρˆ2 (t)) increases at some time t of the
evolution [66, 67].
In Fig. 6, we look for signatures of non-Markovianity
for various system and bath parameters. We use the
trace distance D(ρˆ1, ρˆ2) between two initial pure states
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FIG. 6: Time evolution of trace distance of systems den-
sity matrix. (a) Role of system-bath coupling strength: The
red dashed line represents smaller (γ = 0.04), and the green
solid line represents larger (γ = 0.18) system-bath coupling
strength. Here, U = 1.125. (b) The role of interaction U :
The red dashed line is for smaller interaction (U = 0.5),
and the green solid line is for larger interaction (U = 1.4).
Here, γ = 0.16. In panels (a) and (b), TL = 0.5, TR = 0.25
and ωc = 1.5. (c) The role of bath frequency cut-off ωc:
The red dashed line is for lower cut-off (ωc = 1.5), and
the green solid line is for higher cut-off (ωc = 1.75). Here,
TL = 0.125, TR = 0.0625, U = 1.25 and γ = 0.16.
of the system ρˆ1 = |ψ1〉S〈ψ1| and ρˆ2 = |ψ2〉S〈ψ2| with
|ψ1〉S = |0〉S and |ψ2〉S = |2〉S . Here, |0〉S represents
the state with no bosons in the system, whereas for |2〉S
the system has initially two bosons. A non-monotonous
behavior for these two states would be a sufficient con-
dition for the dynamics to be non-Markovian. The trace
distance has the maximum value of 1 for the two chosen
initial states. It is clear from Fig. 6(a) that for weak cou-
pling (γ = 0.04) the dynamics does not show signatures
of non-Markovianity, whereas increasing the coupling γ,
the trace distance decreases non-monotonously resulting
in non-Markovian dynamics. In Fig. 6(b), we focus on
the effect of interactions, and we observe that stronger
interactions (continuous green line), result in a slower
dynamics which shows a more marked non-Markovian
behavior (non-monotonicity of the distance) at shorter
times. In Fig. 6(c), we consider the effect of bath fre-
quency cut-off wc. For smaller wc, one expects a more
marked non-Markovian dynamics, as the bath correla-
tions decay more slowly [12]. This is what we observe in
Fig. 6(c) where the curve for wc = 1.5 (red dashed line)
shows a more marked non-monotonous behavior than for
wc = 1.75 (green solid line).
IV. CONCLUSIONS
The interplay of interactions, temperature biases, and
system-bath couplings may lead to rich and complex
transport phenomena. In view of this, we investigate
the nonequilibrium dynamics of an anharmonic oscilla-
tor coupled to two thermal baths using numerically exact
TCMPS. First, we discuss the effectiveness of TCMPS
to analyze the steady-state properties, especially com-
pared to using the global master equation. We show
that, for stronger interactions and/or weaker system-
bath couplings, the GME represents the steady-state ex-
actly, however, it still cannot reproduce the short-time
dynamics accurately. For stronger system-bath couplings
or lower temperatures, the dynamics can only be reli-
ably studied with TCMPS. We have also shown that
the average particle number, the particle and energy cur-
rents decrease as the interaction increases, and we have
shown a non-linear dependence of the energy current ver-
sus system-bath coupling strength. We have also shown
the emergence of non-Markovian dynamics in the strong
coupling limit by measuring the trace distance. This non-
Markovian behavior depends on the bath properties, on
the system-bath coupling strength, but also on the mag-
nitude of the interactions in the system.
In the future, we plan to use the same tool to study
quantum transport in more complex systems coupled to
two heat baths as, for instance, higher-dimensional sys-
tems with frustration. The possibility to study strong
coupling and beyond linear response can lead to effects,
such as negative differential conductance [68, 69].
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Appendix A: Steady-state occupation convergence
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FIG. A1: Time evolution of the system occupation 〈nS〉
for different initial conditions: The green solid line is for one
boson in the system (|1〉) whereas the red dashed line is for
an empty system at initial time (|0〉). Other parameters used
are as follows: TL = 0.3125, TR = 0.125, γ = 0.1225, U = 1.5,
and ωc = 2.5.
In Fig. A1, we plot the system occupation as a function
of time when they start initially with two distinct states
in the systems: |0〉S and |1〉S . It is clear from the figure
that both curves converge, which indicates that our final
states are, indeed, the steady states as they have the
same occupation value from two different initial states.
Appendix B: Global Master Equation (GME)
approach
We compare our TCMPS with a GME approach, where
the effects of the bath are modeled by the Lindblad mas-
ter equation,
dρˆS
dt
= − i
~
[
HˆS, ρˆS
]
+
∑
ν=L,R
Dν (ρˆS) , (B1)
where ρˆS is the system density matrix, ν = L,R is the
index for the bath, and ~ is the Planck constant. DL(DR)
is the dissipator responsible for the coupling between the
system and the left (right) heat bath, which acts globally
on the system. The detailed expression of the dissipator
is given as a Lindblad superoperator with the form
Dν (ρˆS) =
∑
0<ω<ωc
J (ω) [1 + nν (ω)]
[
Aˆ1 (ω) ρˆSAˆ
†
1 (ω)
− 1
2
{
Aˆ†1 (ω) Aˆ1 (ω) , ρˆS
}]
+ J (ω)nν (ω)
[
Aˆ2 (ω) ρˆSAˆ
†
2 (ω)
− 1
2
{
Aˆ†2 (ω) Aˆ2 (ω) , ρˆS
}]
, (B2)
where ω = i − j is the energy difference of sys-
tem eigenenergy with eigenstates |i〉 and |j〉. nν(ω) =
[exp (~ω/kBTν)− 1]−1 is the Bose-Einstein distribution
for the heat bath on each side, and kB is the Boltzmann
constant. J (ω) = γω is the ohmic spectral density for
both baths, with cut-off frequency ωc. The Lindblad
jump operators are
Aˆ1 (ω) =
∑
ω
|i〉〈i|aS|j〉〈j|, (B3)
Aˆ2 (ω) =
∑
ω
|i〉〈i|a†S|j〉〈j|, (B4)
which describe the transitions driven by the baths.
Appendix C: Derivation of system-bath energy current
The details of the left and right bath energy currents within the setting of TCMPS are discussed here. We start by
obtaining the expression of energy current of the left and right baths from the original Hamiltonian from the system,
the bath and interaction Hamiltonians. Although the discretized Hamiltonian is used here initially, in general, the
bath oscillators form a quasicontinuum and could be rewritten as an integral. We will see this later when performing
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the chain-mapping technique. The total Hamiltonian is
HˆS = U
2
nS (nS − 1) + µnS, (C1)
HˆνB =
N∑
k=1
ωkb
ν†
k b
ν
k,
HˆνI =
N∑
k=1
√
Jk
(
a†Sb
ν
k + aSb
ν†
k
)
,
where ν = L,R is the index for the left and right bath. N is the number of modes in the bath. The energy current is
defined by the continuity equation of the system Hamiltonian,
∂
〈
HˆS
〉
∂t
+∇Je = 0, (C2)
where Je denotes the energy current. The above relation can be rewritten with respect to energy current from the
left (JLe ) and right (J
R
e ) baths as
∂
〈
HˆS
〉
∂t
=
〈
i
[
Hˆtot, HˆS
]〉
= − (JRe − JLe ) = JLe − JRe , (C3)
with Hˆtot = HˆS + HˆLB + HˆRB + HˆLI + HˆRI . We could easily obtain the expression for JLe and JRe , respectively,
JLe = 2U
N∑
k=1
√
JkIm
〈
bLk a
†
SnS
〉
+ 2µ
N∑
k=1
√
JkIm〈bLk a†S〉, (C4)
JRe = 2U
N∑
k=1
√
JkIm
〈
nSaSb
R†
k
〉
+ 2µ
N∑
k=1
√
JkIm〈aSbR†k 〉,
where nS = a
†
SaS is the number operator of the system. Now, express the original bath annihilation and creation
operators bνk and b
ν†
k in terms of the thermal Bogoliubov modes using Eq. (5),
bνk = cosh(θk)a
ν
1,k + sinh(θk)a
ν†
2,k, (C5)
bν†k = cosh(θk)a
ν†
1,k + sinh(θk)a
ν†
2,k.
Thus the energy current can be written as
JLe = 2U
N∑
k=1
gL1,kIm
〈
aL1,ka
†
SnS
〉
+ gL2,kIm
〈
aL†2,ka
†
SnS
〉
(C6)
+ 2µ
N∑
k=1
gL1,kIm
〈
aL1,ka
†
S
〉
+ gL2,kIm
〈
aL†2,ka
†
S
〉
,
JRe = 2U
N∑
k=1
gR1,jIm
〈
aR†1,knSaS
〉
+ gR2,kIm
〈
aR2,knSaS
〉
+ 2µ
N∑
j=1
gR1,kIm
〈
aR†1,kaS
〉
+ gR2,kIm
〈
aR2,kaS
〉
,
with gν1,k and g
ν
2,k previously defined as g
ν
1,k =
√Jk cosh (θνk), g2,k =
√Jk sinh (θνk) with cosh(θνk) =
√
1 + nν(ωk),
sinh(θνk) =
√
nν(ωk), and nν(ωk) = 1/(e
ωk/Tν − 1) in the main text (ν = L,R).
Now, we perform the star-to-chain mapping. Before that, for the purpose of derivation, we rewrite the total
discretized Hamiltonian Hˆdistot after the thermofield transformation based on Eq. (6), and replace the summation
11∑N
k=1(...) with the integral
∫
dk(...) in the continuous limit as
Hˆconttot = HˆS +
∑
ν=L,R
∫ 1
0
dk k
(
aν†1,ka
ν
1,k − aν†2,kaν2,k
)
, (C7)
+
∑
ν=L,R
∫ 1
0
dk
[
gν1 (k)(a
†
Sa
ν
1,k + a
ν†
1,kaS) + g
ν
2 (k)(aSa
ν
2,k + a
ν†
2,ka
†
S)
]
,
where gνj (k) is the continuous counterpart of the coupling constant g
ν
j,k, and the integration upper bound 1 means
that ωk|k=1 = ωN which is the frequency cut-off of the heat bath.
Hence, the corresponding energy currents are as follows:
JLe = 2U
∫ 1
0
dk gL1 (k)Im
〈
aL1,ka
†
SnS
〉
︸ ︷︷ ︸
∆1
(C8)
+ 2U
∫ 1
0
dk gL2 (k)Im
〈
aL†2,ka
†
SnS
〉
︸ ︷︷ ︸
∆2
+ 2µ
∫ 1
0
dk gL1 (k)Im
〈
aL1,ka
†
S
〉
+ gL2 (k)Im
〈
aL†2,ka
†
S
〉
︸ ︷︷ ︸
∆3
.
JRe = 2U
∫ 1
0
dk gR1 (k)Im
〈
aR†1,knSaS
〉
+ 2U
∫ 1
0
dk gR2 (k)Im
〈
aR2,knSaS
〉
+ 2µ
∫ 1
0
dk gR1 (k)Im
〈
aR†1,kaS
〉
+ gR2 (k)Im
〈
aR2,kaS
〉
.
Now, we adopt the unitary transformation in Refs. [33, 34] to transform the total system from a star configuration to
a chain representation. The transformation is real and it leads to two new bosonic modes (for the simplicity of the
expression, we neglect the superscript ν = L,R for baths),
a1,k =
Nc−1∑
n=0
U1,n(k)d1,n+1, a2,k =
Nc−1∑
n=0
U2,n(k)d2,n+1, (C9)
where Uj,n(k) = gj(k)pij,n(k)/ρn,j(j = 1, 2) and the {pij,n(k)} series is monic orthogonal polynomials [34, 36, 39]
which obey
∫ 1
0
dk Sj(k)pij,n(k)pij,m(k) = ρ2n,jδnm, (C10)
with newly defined spectral density in the transformed bath,
S1(k) = g1(k)2 = (1 + n(ωk))Jk, (C11)
S2(k) = g2(k)2 = n(ωk)Jk,
and
∫ 1
0
dk Sj(k)pi2j,n(k) = ρ2n,j , and pij,0(k) = 1. Nc is the number of bosonic modes in the chain representation. We
now move on to further express JLh in terms of those new baths. We first put back the bath indices ν and insert
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Eq. (C9) into Eq. (C8), and evaluate all three terms (∆1,∆2,∆3) from J
L
h ,
∆1 = 2U
Nc−1∑
n=0
∫ 1
0
dk gL1 (k)U
L
1,n(k)Im
〈
dL1,n+1a
†
SnS
〉
(C12)
= 2U
Nc−1∑
n=0
∫ 1
0
dk
[
gL1 (k)
]2
piL1,n(k)/ρ
L
n,1Im
〈
dL1,n+1a
†
SnS
〉
= 2U
Nc−1∑
n=0
∫ 1
0
dk SL1 (k)piL1,n(k)/ρLn,1Im
〈
dL1,n+1a
†
SnS
〉
.
Now, multiply each side of Eq. (C12) by piL1,0(k) and use Eq. (C10),
∆1 = 2U
Nc−1∑
n=0
∫ 1
0
dk SL1 (k)piL1,n(k)piL1,0(k)/ρLn,1Im
〈
dL1,n+1a
†
SnS
〉
(C13)
= 2U
Nc−1∑
n=0
(
ρLn,1
)2
δn,0/ρ
L
n,1Im
〈
dL1,n+1a
†
SnS
〉
= 2UρL0,1Im
〈
dL1,1a
†
SnS
〉
where (ρL0,1)
2 =
∫ 1
0
dk SL1 (k)piL1,0(k)2 =
∫ 1
0
dk SL1 (k). Now, define the tunneling between the system and the first site
in the bath chain as
βL1,0 = ρ
L
0,1 =
√∫ 1
0
dk SL1 (k). (C14)
Thus
∆1 = 2Uβ
L
1,0Im
〈
dL1,1a
†
SnS
〉
. (C15)
For ∆2, it is also defined that β
L
2,0 = ρ
L
0,2 =
√∫ 1
0
dk SL2 (k). Thus, we have
∆2 = 2Uβ
L
2,0Im
〈
dL†2,1a
†
SnS
〉
. (C16)
Also, for ∆3,
∆3 = 2µ
[
βL1,0Im
〈
dL1,1a
†
S
〉
+ βL2,0Im
〈
dL†2,1a
†
S
〉]
. (C17)
Add up all three terms, we arrive at the expression for JLe ,
JLe = ∆1 + ∆2 + ∆3 (C18)
= 2UβL1,0Im
〈
dL1,1a
†
SnS
〉
+ 2UβL2,0Im
〈
dL†2,1a
†
SnS
〉
+ 2µ
[
βL1,0Im
〈
dL1,1a
†
S
〉
+ βL2,0Im
〈
dL†2,1a
†
S
〉]
.
In a similar way, the expression for the energy current of the right bath JRe can be obtained as
JRe = 2Uβ
R
1,0Im
〈
dR†1,1nSaS
〉
+ 2UβR2,0Im
〈
dR2,1nSaS
〉
(C19)
+ 2µ
[
βR1,0Im
〈
dR†1,1aS
〉
+ βR2,0Im
〈
dR2,1aS
〉]
.
Appendix D: Derivation of system-bath particle
current
The expression for particle current between the system
and the bath is obtained via the continuity equation of
the system occupation nS,
∂ 〈nS〉
∂t
+∇Jp = 0, (D1)
13
where Jp denotes the particle current, and nS = a
†
SaS
is the system occupation. Similar to that of the energy
current, we can rewrite this relation in terms of particle
current from the left (JLp ) and the right bath (J
R
p ) as
∂ 〈nS〉
∂t
=
〈
i
[
Hˆtot, nS
]〉
= − (JRp − JLp ) = JLp − JRp .
(D2)
Following a similar derivation as in Appendix. C, we ob-
tain the expression for both particle currents as
JLp = 2β
L
1,0 Im
〈
a†Sd
L
1,1
〉
+ 2βL2,0 Im
〈
dL†2,1a
†
S
〉
. (D3)
JRp = 2β
R
1,0 Im
〈
aSd
R†
1,1
〉
+ 2βR2,0 Im
〈
aSd
R
2,1
〉
.
